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We compute the low-temperature behavior of the specific heat of normal (non-color-
superconducting) degenerate quark matter as well as that of an ultradegenerate electron
gas. Long-range magnetic interactions lead to non-Fermi-liquid behavior with an anomalous
leading T lnT−1 term. Depending on the thermodynamic potential used as starting point,
this effect appears as a consequence of the logarithmic singularity in the fermion self-energy
at the Fermi surface or directly as a contribution from the only weakly screened quasistatic
magnetic gauge bosons. We show that a calculation of Boyanovsky and de Vega claiming the
absence of a leading T lnT−1 term missed it by omitting vector boson contributions to the
internal energy. Using a formulation which collects all nonanalytic contributions in bosonic
ring diagrams, we systematically calculate corrections beyond the well-known leading-log
approximation. The higher-order terms of the low-temperature expansion turn out to also
involve fractional powers T (3+2n)/3 and we explicitly determine their coefficients up to and
including order T 7/3 as well as the subsequent logarithmically enhanced term T 3 ln(c/T ).
We derive also a hard-dense-loop resummed expression which contains the infinite series of
anomalous terms to leading order in the coupling and which we evaluate numerically. At low
temperatures, the resulting deviation of the specific heat from its value in naive perturbation
theory is significant in the case of strongly coupled normal quark matter and thus of potential
relevance for the cooling rates of (proto-)neutron stars with a quark matter component.
PACS numbers: 11.10.Wx, 12.38.Mh, 71.45.Gm, 11.15.Pg
I. INTRODUCTION
It is well-known that long-range magnetic interactions in a degenerate electron gas lead to
non-Fermi-liquid behavior which manifests itself in the appearance of an anomalous contribution
to the low-temperature limit of entropy and specific heat proportional to αT lnT−1 as discovered
by Holstein, Norton, and Pincus [1] over thirty years ago. While this effect is perhaps too small
for experimental detection in nonrelativistic situations, it drew renewed theoretical attention more
recently [2, 3, 4] after the detection of non-Fermi-liquid behavior in the normal state of high-
temperature superconductors [5] and in other systems of strongly correlated electrons, which may
be due to effective gauge field dynamics (see also [6, 7, 8]).
In deconfined degenerate quark matter, the analogous effect can more easily be important
because the larger coupling constant αs together with the relatively large number of gauge bosons
increases the numerical value of the effect by orders of magnitude. In contrast to the case of a high-
temperature quark-gluon plasma, chromomagnetostatic fields are expected to remain unscreened in
the low-temperature limit [9] and thus lead to the same singularities in the fermion self-energy that
are responsible for the breakdown of the Fermi-liquid description in the nonrelativistic electron gas
considered in [1].
An important consequence of such non-Fermi-liquid behavior in quantum chromodynamics
(QCD) is a reduction of the magnitude of the gap in color superconductors [9, 10, 11] which
on the basis of weak-coupling calculations are estimated to have a critical temperature in the
range between 6 and 60 MeV [12]. Quark matter above this temperature, and unpaired quark
matter component also below it, has long-range chromomagnetic interactions that should lead
to an anomalous specific heat with possible relevance for the cooling of young neutron stars as
2pointed out by Boyanovsky and de Vega [13, 14]. However, in Ref. [14] these authors claimed
that the αT lnT−1 term in the specific heat as reported in [1, 2, 3] would not exist, neither in
QCD nor in QED. Instead they obtained a αT 3 lnT correction to the leading ideal-gas behavior,
which by renormalization-group arguments was resummed into a T 3+O(α) correction as the leading
non-Fermi-liquid effect on the specific heat.1 At low temperatures, such a contribution would be
rather negligible compared to standard perturbative corrections to the ideal-gas result ∝ T .
In a numerical study of the exactly solvable large-flavor-number limit of QCD and QED [15] at
nonzero chemical potential [16], two of us however found that the entropy at low temperature has
a behavior suggestive of a αT lnT−1 term. In Ref. [17], the three of us have recently reproduced
the known αT lnT−1 term in entropy and specific heat, together with further anomalous higher-
order corrections, in an analytical calculation that should apply equally to the case of finite flavor
number. This calculation is however organized in a form which does not allow one to compare
directly with the calculation of Ref. [14] where all αT lnT−1 terms appeared to cancel.
In this paper we shall therefore investigate the approach of Ref. [14], which derived the specific
heat from a formula for the internal energy, and compare with two somewhat more direct calcula-
tions, one using a self-consistent formula for the entropy and another using an expression for the
thermodynamic potential that becomes exact in the limit of large flavor number.
As we shall demonstrate, all these approaches agree eventually and do give a leading αT lnT−1
term for the specific heat. In the calculation using a self-consistent formula for the entropy (Sect. II)
the αT lnT−1 term arises as a contribution from the spectral density of the fermions with their
logarithmic singularity in the self-energy. There are also αT lnT−1 contributions from the gauge
boson sector, but these cancel in the end, which thus validates the (in our opinion not unquestion-
able) starting point of the original calculation by Holstein et al. [1]. On the other hand, in the
calculation of the specific heat from the internal energy (Sect. III) we find that keeping only the
fermionic contributions leads to a cancellation of the leading αT lnT−1 term, just as observed in
Ref. [14]. However, it turns out that in this approach the contribution of the gauge bosons to the
specific heat cannot be neglected, but now contains the complete leading logarithm.
In Sect. IV we describe the details of a calculation which allows us to systematically go beyond
the leading-log approximation. Besides completing the argument of the leading logarithm, we
find fractional powers T (3+2n)/3 and we determine their coefficients up to and including order
T 7/3 as well as the subsequent logarithmically enhanced term T 3 ln(c/T ). This low-temperature
expansion requires that the temperature is much smaller than the scale set by the Debye mass.
At temperatures of the order of the Debye mass or larger, but still much smaller than the quark
chemical potential, a complete leading-order result which contains the infinite series of anomalous
terms is obtained in Sect. V. It involves a hard-dense-loop resummed one-loop expression, which
we evaluate numerically in Sect. VI. This allows us to study the quality of the low-temperature
expansion, and to compare with the exact results for the large-flavor-number limit. For the sake
of this comparison we shall throughout use the notation
g2eff =


g2Nf
2
, QCD ,
g2Nf , QED .
(1)
with g the coupling constant and Nf the number of quark (or electron) flavors. At finite Nf we
finally evaluate our results numerically for a range of coupling which may be relevant for (normal)
quark matter in (proto-) neutron stars, with the finding that there is an interesting range of
temperature where the anomalous specific heat exceeds significantly the ideal-gas value.
1 Resummation of the αT lnT−1 term along the lines of Ref. [14] would have led to a T 1+O(α) term instead.
3II. ANOMALOUS SPECIFIC HEAT FROM THE ENTROPY
The specific heat Cv per unit volume is defined as the logarithmic derivative of the entropy
density with respect to temperature at constant volume and number density
Cv = T
(
∂S
∂T
)
N
. (2)
This is related to derivatives of the thermodynamic potential with respect to T and µ by [18]
Cv = T
{(
∂S
∂T
)
µ
−
(
∂N
∂T
)2
µ
(
∂N
∂µ
)−1
T
}
, (3)
but at low temperatures one has
Cv = T
(
∂S
∂T
)
µ
+O(T 3), (4)
so that both Cv and S contain the same T lnT term, if any.
The entropy as first derivative of the thermodynamic potential Ω with respect to T is in some
important respects a simpler quantity than Ω. In gauge theories with fermions the latter is given
by the following functional of the full propagators D (for gauge bosons), S (for fermions) [19],
βΩ[D,S] =
1
2
Tr lnD−1 − 1
2
TrΠD − Tr lnS−1 +TrΣS +Φ[D,S], (5)
where Φ is a series of 2-particle-irreducible (skeleton) diagrams and where for simplicity we assumed
a ghost-free gauge.
Using the fact that Ω[D,S] is stationary with respect to variations of D and S, one can derive
an expression for the entropy which to two-loop order in the skeleton expansion is entirely given by
propagators and self-energies [20, 21]. Neglecting the longitudinal gluon mode, and the antiparticle
contributions in the fermionic sector, this reads
S =
(
∂P
∂T
)
µ
≃ −
∫
d4K
(2π)4
[
2Ng
∂nb(ω)
∂T
(
Im lnD−1T − ImΠT ReDT
)
+4NNf
∂nf (ω)
∂T
(
Im lnS−1+ + ImΣ+ReS+
) ]
+ S ′, (6)
where D−1T = −ω2+ k2+ΠT , S−1+ = −ω+ k−Σ+, nb(ω) = (eω/T − 1)−1, and nf (ω) = (e(ω−µ)/T +
1)−1.
In the original derivation of the anomalous specific heat in QED by Holstein et al. [1], only the
term involving Im lnS−1+ in the quark part had been taken into account, by way of reference to
a formula by Luttinger [22] (Eq. (46) therein), which is fully justified actually only for standard
Fermi-liquid systems.
Since the calculation of Ref. [1] has been questioned by Boyanovsky and de Vega [14], we
consider the more general expression above. For the moment we are interested only in terms of
order g2T lnT , so we can neglect S ′, which vanishes at two-loop order in the skeleton expansion
[20] and should therefore only give contributions which are suppressed by an additional factor of
g2.
4A. Quark part
In Eq. (6) we have the following contribution from the quarks,
S(q) = −4NNf
∫
d4K
(2π)4
∂nf (ω)
∂T
×
[
Im ln (−ω + k − Σ+) + ImΣ+Re 1−ω + k − Σ+
]
≃ − 1
π3
NNf
∫ ∞
0
dk k2
∫ ∞
−∞
dω
∂nf (ω)
∂T
×
[
Im ln (−ω + k)− ReΣ+ Im 1−ω + k
]
, (7)
where we have performed an expansion with respect to Σ+, keeping only the free term and the term
corresponding to a single quark self energy insertion2. The free term gives the particle contribution
to the free fermionic entropy density,
S free(q) ≃ NNf
µ2T
3
. (8)
In the last term in Eq. (7) the factor Im 1/(−ω+ k) forces the self energy to be on the mass shell.
Using the expression for Σ+ given in [10, 23],
Σ+ ≃ g
2Cf
24π2
(ω − µ) ln
(
M2
(ω − µ)2
)
+ i
g2Cf
12π
|ω − µ|, (9)
which is nonanalytic in ω (but not with respect to k [10]), we obtain
SNLO(q) =
Ng
π2
∫ ∞
0
dk k2
∂nf (k)
∂T
g2eff
24π2
(k − µ) ln M
2
(k − µ)2 . (10)
With the substitution k = Tz + µ we find that the integral is dominated by small values of z, and
therefore we may send the lower integration limit to −∞. Then we obtain at order T lnT
SNLO(q) =
g2effNgµ
2T
36π2
ln
(
M
T
)
. (11)
This result agrees with the one of Holstein et al. [1] after correcting a factor of 4 therein, as
done previously in Ref. [3].
B. Gluon part
The gluon part S(g) is given by the first line of Eq. (6). Using the relation
Im lnD−1 = arctan
(
ImΠ
ReD−1
)
− πǫ(ω)θ (−ReD−1) , (12)
2 Note that, diagrammatically, the part with a single self energy insertion corresponds to the gluon ring diagram of
section II B.
5we write S(g) = S(cut) + S(Π) + S(pole), with
S(cut) = 2Ng
∫
d4K
(2π)4
∂nb(ω)
∂T
arctan
(
ImΠT
ω2 − k2 − ReΠT
)
, (13)
S(Π) = −2Ng
∫
d4K
(2π)4
∂nb(ω)
∂T
ImΠT Re
1
ω2 − k2 −ΠT , (14)
S(pole) = 2Ng
∫
d4K
(2π)4
∂nb(ω)
∂T
πǫ(ω)θ
(
ω2 − k2 − ReΠT
)
, (15)
where we again neglect the contribution of the Debye-screened longitudinal gluons. For the cut
term we use the approximation ω ≪ k, because it can be checked that including terms of higher
order in ω would only produce terms of higher order than T lnT (see section IV). In this region
we have
ΠT ≃ −ig
2
effµ
2ω
4πk
. (16)
Introducing an UV-cutoff kc for the moment, we obtain
S(cut) ≃
Ng
2π3
∫ kc
0
dk k2
∫ ∞
−∞
dω
∂nb(ω)
∂T
arctan
(
g2effµ
2ω
4πk3
)
. (17)
In order to evaluate this integral we make the substitution y = ω/T , x = 4πk3/(g2effµ
2T ). Keeping
only the term of order T lnT , we obtain the cutoff-independent result
S(cut) ≃
g2effNgµ
2T
36π2
ln
(
M ′
T
)
. (18)
The determination of the constant M ′ requires a more accurate calculation and will be carried out
in Sect. IV.
Next we evaluate S(Π). Following similar steps as in the computation of S(cut), we find
S(Π) ≃ 2Ng
∫ kc
0
dk k2
2π2
∫ ∞
−∞
dω
2π
∂nb(ω)
∂T
(
−g
2
effµ
2ω
4πk
)
k2
k4 +
(
g2effµ
2ω
4pik
)2
≃ −g
2
effNgµ
2T
36π2
ln
(
M ′
T
)
. (19)
We observe that at order T lnT this expression just cancels the contribution from Eq. (18).
Finally we consider the pole part. To leading order, i.e. in the hard dense loop (HDL) approx-
imation [24, 25, 26, 27], we have at low temperature µ∂ΠT /∂µ ≃ 2ΠT , and therefore
µ
∂S(pole)
∂µ
= −2Ng
∫
d4K
(2π)4
∂nb(ω)
∂T
πǫ(ω) δ
(
ω2 − k2 − ReΠT
)
2ReΠT
= −4πNg
∫
d4K
(2π)4
∂nb(ω)
∂T
(ω2 − k2)ǫ(ω) δ (ω2 − k2 − ReΠT ) , (20)
where we have discarded contributions ∼ T 3 which are negligible in the low-temperature limit.
Using [28]
ǫ(ω) δ
(
ReD−1T
)
= ZT (k) [ δ(ω − ωT (k)) − δ(ω + ωT (k)) ] (21)
6we find
µ
∂S(pole)
∂µ
= −2Ng
π2
∫ ∞
0
dk k2
∂nb(ωT (k))
∂T
(ωT (k)
2 − k2)ZT (k). (22)
We can estimate this integral as follows. Assuming T ≪ ωp ∝ geffµ, we have the inequalities∫ ∞
0
dk k4
∂nb(ωT (k))
∂T
ZT (k) <
∫ ∞
0
dk k4
∂nb(ωT (k))
∂T
1
2k
<
1
2
∫ ωp
0
dk k3
∂nb(ωp)
∂T
+
1
2
∫ ∞
ωp
dk k3
∂nb(k)
∂T
≃ ω
5
p
8T 2
e−ωp/T (23)
and ∫ ∞
0
dk k2
∂nb(ωT (k))
∂T
ωT (k)
2ZT (k) <
∫ ∞
0
dk k2
∂nb(ωT (k))
∂T
(ωp + k)
2 1
2k
<
1
2
∫ ωp
0
dk k(ωp + k)
2 ∂nb(ωp)
∂T
+
1
2
∫ ∞
ωp
dk k(ωp + k)
2 ∂nb(k)
∂T
≃ 17ω
5
p
24T 2
e−ωp/T . (24)
Apart from terms ∼ T 3 which are dropped in the derivative with respect to µ, this crude esti-
mate (which we shall refine in Sect. V below) shows that the pole contribution is exponentially
suppressed, essentially because of ωT ≥ ωp.
C. Result
In total we find the following result for the entropy at low temperature,
S = S(g) + S(q) ≃ NNf
µ2T
3
+
g2effNgµ
2T
36π2
ln
(
M
T
)
. (25)
From Eq. (18) we see that the T lnT term can also be obtained by starting only from the
expression
S ≃ NNf µ
2T
3
− 2Ng
∫
d4K
(2π)4
∂nb(ω)
∂T
Im lnD−1T , (26)
with D the resummed gluon propagator. This formula corresponds to integrating out the fermions,
as has indeed been done in the approach of Ref. [2].
On the other hand, we see from Eqs. (7) and (11) that one equally gets the correct result by
using only the purely fermionic expression
S ≃ −4NNf
∫
d4K
(2π)4
∂nf (ω)
∂T
Im ln(−ω + k − ReΣ+), (27)
which justifies the starting point of Refs. [1, 3].
7III. SPECIFIC HEAT FROM THE ENERGY DENSITY
In Ref. [14], which did not find a term g2T lnT−1 in the specific heat, the starting point was
instead the internal energy density.
The energy density can be obtained from the expectation value of the energy momentum tensor,
U = 1
V
∫
d3x 〈T 00(x)〉, (28)
and the specific heat is then given by
Cv =
(
dU
dT
)
N
. (29)
Here the temperature derivative has to be taken at constant particle number density, in contrast
with the calculation of the low temperature specific heat in the previous section, where all tem-
perature derivatives were taken at constant chemical potential, see Eq. (6). In [14] this fact was
mentioned as explanation for the disagreement with the previous calculation, but, as Eq. (4) makes
clear, this could only affect terms of order T 3 in the low-temperature expansion. Indeed, we shall
show now that a complete calculation based on the internal energy also leads to a g2T lnT−1 in
the specific heat.
In [14] the specific heat is computed using the following formula for the total energy density,
U = 2
∫
dω
∫
d3k
(2π)3
nf (ω)ω ρ+(ω, k), (30)
where ρ+ is the spectral density of the positive energy component of the quark propagator (see
below). It should be noted that this formula is incorrect even for a theory with only instantaneous
interactions of the type
Hint =
1
2
∫
d3x d3x′ ψ†α(xt)ψ
†
β(x
′t)Vαα′,ββ′(x− x′)ψβ′(x′t)ψα′(xt), (31)
in which case the correct formula reads [29]
U = 2
∫
dω
∫
d3k
(2π)3
nf (ω)
1
2
(ω + k)ρ+(ω, k). (32)
The anomalous behaviour of the specific heat comes from dynamically screened interactions, whose
non-instantaneous character cannot be neglected. It might be rather difficult to generalize Eq. (32)
directly for non-instantaneous interactions, because one would have to use an effective Hamiltonian
which is nonlocal in time. Therefore, we will use the full energy momentum tensor of QCD without
integrating out the gluons.
The energy momentum tensor can be written as a sum of three distinct pieces,
T µν = T µν
(q)
+ T µν
(g)
+ T µν
(int.)
, (33)
corresponding to the quark part, the gluon part, and the interaction part. The contributions of
these parts will be evaluated in the following subsections. We will neglect gluon self interactions
and ghost contributions, since they give only higher order corrections at low temperatures.
8A. Quark part
The quark part is given by
T 00(q) = i
∑
f
ψ¯γ0∂0ψ, (34)
where we have written explicitly the sum over flavor space. This is the (only) contribution which
is taken into account by Boyanovsky and de Vega [14]. We now repeat their calculation, but for
simplicity without the renormalization group improvement of the quark propagator proposed in
[14]. Taking into account only the positive energy component of the quark propagator, we find
U(q) = 2NNf
∫
dω
∫
d3k
(2π)3
nf (ω)ω ρ+(ω, k), (35)
where the spectral density is defined as ρ+ ≡ 1pi ImS+.
In order to obtain the specific heat from Eq. (29), we have to determine first the temperature
dependence of the chemical potential from the condition
dN
dT
≡ ∂N
∂T
+
dµ
dT
∂N
∂µ
= 0, (36)
where the particle number density N is given by
N = 2NNf
∫
dω
∫
d3k
(2π)3
nf (ω) ρ+(ω, k) (37)
(up to anti-particle contributions.) We expand N with respect to g,
N = N0 + g2effN2 + . . . (38)
The free contribution N0 is given by
N0 = NNf
(
µ3
3π2
+
µT 2
3
)
. (39)
In N2 we are only interested in contributions which contain ln(M/T ). Such terms arise from
infrared singularities caused by the transverse gluon propagator, which are dynamically screened.
This corresponds to scattering processes of quarks which are close to the Fermi surface. Therefore
the anomalous terms come from the region k ∼ ω ∼ µ, where Σ+ is given by (9). Subtracting the
temperature independent part, we find then
g2effN2 = 2NNf
∫
dω
∫
d3k
(2π)3
(nf (ω)− θ(µ− ω)) δ(ω − k +ReΣ+)
∣∣∣∣
O(g2eff )
, (40)
where we have approximated the spectral density by a delta function, since the imaginary part of
Σ+ turns out to be negligible compared to its real part. The integration can be performed easily,
with the result
g2effN2 ≃
g2effNgµT
2
36π2
ln
(
M
T
)
. (41)
We notice that this result is consistent with the result for the entropy, Eq. (25). Now we can solve
Eq. (36) at low temperature,
dµ
dT
= −2π
2T
3µ
− g
2CfT
18µ
ln
(
M
T
)
. (42)
9The approximate solution to this differential equation is given by
µ(T ) ≃ µ(0)
(
1− π
2T 2
3µ(0)2
− g
2CfT
2
36µ(0)2
ln
(
M
T
))
. (43)
Eqs. (42) and (43) correctly reproduce the beginning of the perturbative expansions of the corre-
sponding formulae in [14] (Eqs. (2.37), (2.38)).
For the specific heat we obtain from Eq. (35), following the same steps as in the calculation of
dN/dT ,
Cv(q) ≃ NNfµ2T +NNf
µ3
π2
dµ
dT
+
g2effNgµ
2T
18π2
ln
(
M
T
)
. (44)
Using Eqs. (42) and (43) we find that the T lnT -terms cancel,
Cv(q) ≃ NNf
µ2T
3
+O(T 3), (45)
as stated in [14]. We should emphasize that this cancellation has nothing to do with the nonper-
turbative renormalization group method which is employed in [14] (and which has recently been
criticized in Ref. [30]).
The authors of Ref. [14] also determined a contribution which prior to the renormalization group
improvement corresponds to a term of order g2T 3 ln(M/T ). This type of nonanalytic terms however
appears already in regular Fermi-liquids [31] and moreover is subleading to ordinary perturbative
corrections g2µ2T at low T , which have not been evaluated in [14].
B. Gluon part
We now turn to the gluon part of the energy density, which has explicitly been neglected in
Ref. [14]. This is given by
T 00(g) =
1
2
(Ea · Ea +Ba ·Ba) . (46)
Neglecting gluon self interactions, and keeping only the transverse part of the gluon propagator,
we obtain
U(g) ≃ 2Ng
∫
d4K
(2π)4
nb(ω) Im
((
ω2 + k2
)
DT
)
. (47)
The pole contribution to this integral is again exponentially suppressed, therefore we only have to
consider the cut contribution. At low temperature the temperature dependence of the gluon self
energy can be neglected and we find
U(g) ≃ 2Ng
∫
d3K
(2π)3
∫ ∞
0
dω
π
nb(ω)(ω
2 + k2)
g2effµ
2ω
4pik
(ω2 − k2)2 +
(
g2effµ
2ω
4pik
)2 , (48)
where we have dropped less infrared-sensitive contributions not involving the Bose distribution.
After the substitution ω = Ty, k3 = g2effµ
2Tx/(4π) the integral can be readily done, with the result
U(g) ≃
g2effNgµ
2T 2
72π2
ln(M/T ), (49)
10
which gives the following contribution to the specific heat at order T lnT ,
Cv(g) ≃
g2effNgµ
2T
36π2
ln(M/T ). (50)
Again the determination of the constant M would require a more accurate calculation, similar to
the one in section IV.
C. Interaction part
The interaction part is given by
T 00(int) = g
∑
f
ψ¯γ0A0aTaψ. (51)
The expectation value of this term is essentially given by the resummed gluon ring diagram as in
[15]. However, here only the longitudinal component of the gluon propagator appears in the loop.
This mode is subject to Debye screening, so it can contribute only to the normal Fermi liquid part
of the specific heat.
D. Result
We have thus found that the only contribution to the specific heat at order T lnT when cal-
culated along the lines of Ref. [14] comes from the gluon part, Eq. (50). While this confirms the
observation of Ref. [14] that the quark contribution of order g2T lnT cancels against a similar term
in the temperature dependence of the chemical potential at fixed number density, it shows that
the (explicit) neglect of the gluon contribution to the internal energy in [14] is not justified.
Curiously enough, the gluon contributions can be neglected when calculating the anomalous
specific heat from the entropy functional (6). But the calculation of section II can also be viewed as
receiving a net contribution only from a purely gluonic term (26), since the anomalous contribution
contained in the S(Π) part is equal but opposite in sign to the fermionic part S(q). In this respect
the calculation based on the internal energy is perfectly in line with the calculation based on the
entropy. The different possibilities for organizing the calculation of the anomalous contribution to
the specific heat thus correspond to ‘integrating out’ first the fermionic degrees of freedom or first
the gluonic ones.
IV. HIGHER ORDERS IN THE LOW-TEMPERATURE SPECIFIC HEAT
In this section we shall evaluate higher terms in the low-temperature expansion of the specific
heat which go beyond the leading log approximation. A convenient starting point is the follow-
ing expression for the pressure, which can be viewed as the result of having integrated out first
the fermionic degrees of freedom, and which thus concentrates on the effects of the only dynam-
ically screened transverse gauge bosons in the low-temperature expansion of the thermodynamic
potential:
P = NNf
(
µ4
12π2
+
µ2T 2
6
+
7π2T 4
180
)
−Ng
∫
d3q
(2π)3
∫ ∞
0
dq0
π
[
2
(
[nb +
1
2
]Im lnD−1T −
1
2
Im lnD−1vac
)
11
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FIG. 1: Integrand for the q-integration q2Im ln(q2 − q20 +ΠT +Πvac) for µ = µ¯MS/2 = 1, q0 = 0.2, g2eff = 1.
The solid line shows the exact result that follows from the full one-loop self energy expressions at T = 0,
the dashed line shows the result with the approximations of Eqs. (56) and (57). The parameter q0 = 0.2 is
chosen this large as to clearly show the three different ranges. As discussed in the text, the main contribution
only comes from region II.
+
(
[nb +
1
2
]Im ln
D−1L
q2 − q20
− 1
2
Im ln
D−1vac
q2 − q20
)]
++O(g2T 4) +O(g4µ4). (52)
Here the inverse gauge boson propagators are given by D−1T = q
2 − q20 + ΠT + Πvac, D−1L =
q2 − q20 + ΠL + Πvac, and D−1vac = q2 − q20 + Πvac, where ΠT,L,vac are the matter and vacuum
contributions to the gauge boson self-energy produced by an undressed one-loop fermion diagram.
This expression becomes exact in the limit of large flavor number Nf and has been studied in
Refs. [15, 16] and used to test the behavior of perturbation theory at finite temperature and
chemical potential. At finite Nf , Eq. (52) with Π including also the leading contributions from
gluon loops still collects all infrared-sensitive contributions up to and including three-loop order
[32]. We shall however find that all contributions from gluon loops to Π enter the specific heat
only at and beyond order g2effT
3, and thus will be negligible for T ≪ µ compared to the terms we
shall keep.
In the following we will always drop temperature independent terms in the pressure, since they
do not contribute to the specific heat at low temperature.
A. Transverse contribution
The nb-part of the contribution of the transverse gluons to the pressure is given by
PT
Ng
= −2
∫
d3q
(2π3)
∫ ∞
0
dq0
π
nb Im ln(q
2 − q20 +ΠT +Πvac). (53)
As long as T ≪ µ, it is sufficient to take the self energy at zero temperature, which is given by
a single fermion loop. From the explicit form of the self energy [33] we see that the q-integration
naturally splits into three regions: q < q0 (I), q0 < q < 2µ − q0 (II), and 2µ − q0 < q < 2µ + q0
(III), see Fig. 1.
Usually region I contains the ideal-gas pressure of the gluons, π2T 4/45 per gluon, and pertur-
bative corrections ∝ g2effµ2T 2. However, at low temperatures T ≪ ωp ∼ geffµ, these contributions
are suppressed by a factor e−ωp/T which goes to zero with all derivatives vanishing and thus do not
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contribute to the low-temperature series. All other contributions from region I are suppressed by
further powers of geff .
In region III we may expand the self energy about q = 2µ and q0 = 0. Then one finds that
this contribution is of higher order in geff . We conclude that we may restrict our attention to the
region II.
In region II the Bose-Einstein factor and the leading term in the gluon self energy set the
characteristic scales. Since q0 ∼ T ≪ geffµ, this is dominated by the well-known [34] dynamical
screening pole at imaginary q with |q| ≃ (g2effµ2q0/(4π))1/3 and we have
q0 ∼ T, q ∼ (g2effµ2T )1/3 (54)
in the infrared-sensitive part of region II.
We shall therefore perform an expansion with respect to a parameter b defined by
b :=
(
T
geffµ
)1/3
. (55)
It turns out that the following approximation of the gluon self energy is sufficient through order
T 3 lnT in the entropy (see Fig. 1),
ReΠT (q0, q) ≃ g
2
eff
π2
(
µ2q20
q2
− µ
2q40
3q4
)
, (56)
ImΠT (q0, q) ≃ g
2
eff
4π
(
−µ
2q0
q
+
µ2q30
q3
− qq0
4
)
. (57)
The first two terms in both lines are the leading terms of an expansion of the HDL self energy
[24, 25, 26, 27], in powers of q0. Naively counting powers of b in the integrand one would conclude
that only these terms are responsible for the terms of order b6 through b12 in the pressure (perhaps
with additional factors of ln b). In principle this is correct, but one should keep in mind that the
integration limits of the q-integration depend on µ and q0, which might invalidate a naive power
counting. However, it turns out that there is only one instance where a term which is formally
suppressed in the naive power counting scheme has to be included in the self energy (see [36] for a
rigorous proof): It is the term of order b6 in the pressure, where one also finds a contribution from
the last term in Eq. (57), which is beyond the HDL approximation (but it is still included in the
large-Nf limit.) The b
6 term plays a special role anyway, as this is the only term where we also
get a contribution from the non-nb-part (see below).
Introducing dimensionless integration variables x and y via q0 = b
3geffµy and q =
bgeffµ(x/(4π))
1/3, we find after expanding the integrand with respect to b,
P IIT
Ng
≃ g
4
effµ
4
12π4
∫ ∞
0
dy
1
ey − 1
∫ xmax
xmin
dx
[
b6 arctan
(y
x
)
+
y(g2effx
2 − 64y2)
8(2π2x)1/3(x2 + y2)
b8 +
32(2x)1/3y5
π4/3(x2 + y2)2
b10
−32y
5(24x2y2 − 8y4 + π2(x2 + y2)2)
3π2x(x2 + y2)3
b12 +O(b14)
]
, (58)
with xmin = 4πb
6y3 and xmax = 4π(2 − b3geffy)3/(bgeff )3. In the coefficients of this expansion we
have written down only those terms which do not ultimately lead to terms that are suppressed by
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explicit positive powers of geff . The integrations are now straightforward, and we find
P IIT
Ng
≃ g4effµ4
[
b6
72π2
(
ln
(
32π
(bgeff)3
)
+ γE − 6
π2
ζ ′(2) +
3
2
)
− 2
2/3Γ
(
8
3
)
ζ
(
8
3
)
3
√
3π11/3
b8
+
821/3Γ
(
10
3
)
ζ
(
10
3
)
9
√
3π13/3
b10 +
16(π2 − 8)
45π2
b12 ln b+ c˜T b
12 +O(b14)
]
. (59)
The evaluation of the constant c˜T is a bit more involved because one has to sum up an infinite
series of contributions from the infrared region. This calculation is performed in the Appendix and
leads to an integral representation of c˜T that we have been able to evaluate only numerically, with
the result c˜T = −0.001786743 . . ..
B. Longitudinal contribution
The nb-part of the contribution of the longitudinal gluons to the pressure is given by
PL
Ng
= −
∫
d3q
(2π3)
∫ ∞
0
dq0
π
nb Im ln
(
q2 − q20 +ΠL +Πvac
q2 − q20
)
. (60)
As in the previous section the q-integration decomposes into three parts.
Again, contributions from region III are suppressed by explicit powers of geff compared to those
of the other regions.
The dominant contribution comes from region II, q0 < q < 2µ − q0. Now the characteristic
scales are
q0 ∼ T, q ∼ geffµ, (61)
because of Debye screening of the longitudinal gluons with leading-order mass mD = geffµ/π. In a
similar way as in the previous section, the gluon self energy can be approximated as
ReΠL(q0, q) ≃ g
2
eff
π2
(
µ2 − 2µ
2q20
q2
− q
2
12
)
, (62)
ImΠL(q0, q) ≃ g
2
eff
2π
(
µ2q0
q
− µ
2q30
q3
− qq0
4
)
. (63)
We introduce dimensionless integration variables y and z via q0 = b
3geffµy, q = geffµz/π. Then
we find after expanding the integrand with respect to b,
P IIL
Ng
≃ g
4
effµ
4
16π2
∫ ∞
0
dy
1
ey − 1
∫ zmax
zmin
dz
×
[
b6
yz(−4π2(1 + z2) + g2effz4)
π4(1 + z2)2
+ b12
y3(π2 − 12(z2 + 1))
3z(1 + z2)3
+O(b18)
]
, (64)
with zmin = b
3yπ and zmax = (2/geff − b3y)π. In the coefficients of this expansion we have written
down only those terms which do not lead ultimately to terms that are suppressed by explicit
positive powers of geff . The integrations are now straightforward, and we find
P IIL
Ng
≃ g4effµ4
[
b6
48π2
(
1 + ln
(
g2eff
4π2
))
+
π2(12 − π2)
240
b12 ln b+ c˜IILb
12 +O(b18 ln b)
]
. (65)
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The constant c˜IIL can be determined by summing up IR enhanced contributions in analogy to the
constant c˜T of Sect. IVA, and its integral representation is given in Eq. (A8). Numerically, we get
c˜IIL ≈ 0.11902569216 . . ..
In contrast to the case of transverse polarizations, there is now however also a contribution from
region I, of the order of g4effµ
4b12 = T 4. The term involving Im ln(q2 − q20 + ΠL + Πvac) is again
exponentially suppressed for T ≪ ωp ∼ geffµ. However, at these temperatures the term involving
Im ln(q2− q20) contributes the equivalent of an ideal-gas pressure of one bosonic degree of freedom,
but with negative sign, leading to
P IL
Ng
≃ −π
2T 4
90
+O(e−ωp/T ) (66)
so that c˜L = c˜
II
L − π2T 4/90 = 0.009363421 . . ..
C. Non-nb contribution
The nonanalytic terms in the low-temperature expansion of Eq. (52) all come from the parts
of the integrals involving the Bose distribution nb. The non-nb parts in Eq. (52) are less IR
singular and can be calculated by expanding out the self energy diagrams. We can determine their
contribution by the observation that at two-loop order also the nb part is IR safe and given by
P 2−loopnb
Ng
= −
∫
d3q
(2π)3
∫ ∞
0
dq0
π
nb Im
(
2ΠT +ΠL
q2 − q20 − iǫ
)
. (67)
In this integral we have two contributions, one from the real parts and one from the imaginary
parts of the gluon self energies. One finds that these two contributions cancel precisely at the
order g2effµ
2T 2. (As above one finds that the T = 0 gluon self energies are sufficient at this order.)
Therefore the two-loop non-nb contribution has to be equal to the standard perturbative result at
order g2effµ
2T 2 [35],
1
Ng
[
Pnon−nb − Pnon−nb
∣∣∣
T=0
]
= −g
2
effµ
2T 2
16π2
+O(g2effT 4). (68)
D. Combined result
Our final expression for the leading temperature-dependent contribution to the interaction pres-
sure in the regime T ≪ gµ is contained in
∆P = P − P 0 = P IIT + P IL + P IIL + Pnon−nb − P 0 +O(g4µ4), (69)
where P 0 is the ideal-gas pressure, and explicitly reads
1
Ng
[
∆P −∆P
∣∣∣
T=0
]
=
g2effµ
2T 2
72π2
(
ln
(
4geffµ
π2T
)
+ γE − 6
π2
ζ ′(2)− 3
2
)
−2
2/3Γ
(
8
3
)
ζ
(
8
3
)
3
√
3π11/3
T 8/3(geffµ)
4/3 + 8
21/3Γ
(
10
3
)
ζ
(
10
3
)
9
√
3π13/3
T 10/3(geffµ)
2/3
+
2048 − 256π2 − 36π4 + 3π6
2160π2
T 4
[
ln
(geffµ
T
)
+ c¯
]
+O(T 14/3/(geffµ)
2/3) +O(g4µ2T 2 lnT ). (70)
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where the constant c¯ is given by
c¯ = γE − 90ζ
′(4)
π4
− 31
12
+
1
2048 − 256π2 − 36π4 + 3π6 ×
×
{
3π4(12 − π2) lnπ + 128(π2 − 8) ln(4π) + 3π2(29π2 + 32)
−72π3
∫ ∞
1
dz
[
1024 + π6 − 64π2(2 + 3z2) + 12π4(−1− z2 + 3z3)
24π3z
+2z2 arctan
[
π(1− z2)
2z + (z2 − 1) ln
(
z+1
z−1
)]+ z2 arctan [− 2z
π
+
1
π
ln
(
z + 1
z − 1
)]]}
≈ 4.099348512039 . . . . (71)
The terms involving logarithms and fractional powers of T all come from the cut contribution of
region II, whereas P I − P 0 = −32P 0 +O(e−ω/T ) only contributes to c¯.
From Eq. (70) one can obtain the entropy density through S = (∂P/∂T )µ and the specific heat
through [18]
Cv = T
((
∂S
∂T
)
µ
−
(
∂N
∂T
)2
µ
(
∂N
∂µ
)−1
T
)
, (72)
with N = (∂P/∂µ)T , which in the ideal-gas limit reads
C0v = NNf
[
µ2T
3
+ T 3
(
7π2
15
− 4µ
2
3T 2 + 9µ2/π2
)]
+Ng
4π2T 3
15
. (73)
For the interaction part of the specific heat only the logarithmic derivative of the entropy in
formula (72) contributes, and is given explicitly by
Cv − C0v
Ng
=
g2effµ
2T
36π2
(
ln
(
4geffµ
π2T
)
+ γE − 6
π2
ζ ′(2) − 3
)
−402
2/3Γ
(
8
3
)
ζ
(
8
3
)
27
√
3π11/3
T 5/3(geffµ)
4/3 + 560
21/3Γ
(
10
3
)
ζ
(
10
3
)
81
√
3π13/3
T 7/3(geffµ)
2/3
+
2048 − 256π2 − 36π4 + 3π6
180π2
T 3
[
ln
(geffµ
T
)
+ c¯− 7
12
]
+O(T 11/3/(geffµ)
2/3) +O(g4µ2T lnT ). (74)
We remark that in Eq. (74) one could replace µ with µ(T ), as given in Eq. (43), as this would
modify the result only beyond the terms of order T 3 since T/(gµ)≪ 1.
Using the method described in Sect. IVA – IVC, one can in principle compute the coefficients
of higher terms in the expansion of Cv with respect to b. This is straightforward for the coefficients
of the fractional powers and the logarithmic terms, where one only has to include higher orders
in the expansion of the HDL gluon self energy with respect to q0, see Eqs. (56), (57), (62), (63).
For the terms of order T 5, T 7, T 9 etc., however, one has to sum up again IR enhanced terms, in a
similar way as in the calculation of c˜ described in the Appendix.
The low-temperature expansion that we have carried out has assumed that T ≪ geffµ as well
as geff ≪ 1. If we set T/µ ∼ g1+δeff with δ > 0, we find that the terms in the expansion (74)
correspond to the orders g3+δeff ln(c/geff ), g
3+(5/3)δ
eff , g
3+(7/3)δ
eff , and g
3+3δ
eff ln(c/geff ), respectively, with
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a truncation error of the order g
3+(11/3)δ
eff from higher terms in the ring diagrams. We have neglected
perturbative corrections to these terms, which at a minimum arise at the order g5+δeff ln(c/geff ).
One might suspect that higher order terms could involve also higher powers of g2eff lnT , which
could resum into a leading term µ2T 1+O(g
2
eff). However, it has been argued in [3] that the leading
g2effT lnT
−1 is not modified by higher order corrections in QED, and this has been corroborated
recently by the authors of Ref. [30] using a high-density effective field theory also applicable to
QCD. It can therefore be expected that the leading term in the above low-temperature series
remains valid even when the temperature is so low that g2eff ln(geffµ/T )≫ 1.
On the other hand, the higher terms of the low-temperature expansion involving fractional pow-
ers T (2n+3)/3 with n ≥ 1 remain more important than the undetermined perturbative corrections
(which are suppressed by explicit powers of g2eff ) only when δ < 3/n.
V. HDL RESUMMATION
As we have seen in Sect. IV, the nonanalytic terms in the low-temperature expansion of the
thermodynamic potential are determined by HDL contributions to the gluon self-energy. Terms
beyond the HDL approximation are relevant for contributions from hard momenta q ∼ µ, yielding
a term of order g2effµ
2T 2 in the temperature-dependent part of the pressure. However, this is a
perturbative piece that can be identified as a two-loop contribution without the need for resum-
mations. When this contribution is subtracted from the full one-loop expression, the remainder is
dominated by soft momenta q ≪ µ and the HDL approximation is sufficient.
In this section we shall consider the full HDL-resummed ring diagrams, which allows us to relax
the requirement T ≪ geffµ, under which the above low-temperature series is meaningful, to only
T ≪ µ. When expanded around T = 0, the one-loop HDL-resummed thermodynamic potential
contains all the anomalous terms of the low-temperature series (70). However, as we have already
seen there are also terms from region I which behave as ∼ e−ωp/T and thus do not show up at
any finite order of the low-temperature series. Nevertheless, such terms become important for
T ∼ geffµ. By numerically evaluating the full HDL-resummed expression we can capture their
effect as well and study the behavior of entropy and specific heat for all temperatures T ≪ µ.
A. Separation of hard and soft contributions
In the transverse sector, the one contribution in Eq. (58) from a non-HDL term in the gluon
self-energy can also be written as
1
Ng
[
P II,non−HDLT − P II,non−HDLT
∣∣∣
T=0
]
= − 1
π3
∫ ∞
0
dq0 nb(q0)
∫ 2µ
q0
dq q2
ImΠ
(2)
T
q2 − q20
≃ g
2
effµ
2T 2
48π2
(75)
where Π
(2)
T ≡ ΠT −ΠHDLT with [33]
ImΠ
(2)
T ≃ −
g2effqq0
16π
, q ≫ q0, (76)
while ImΠ
(2)
T → 0 for q → q0.
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Similarly, in the longitudinal sector the non-HDL contribution to Eq. (64) is
1
Ng
[
P II,non−HDLL − P II,non−HDLL
∣∣∣
T=0
]
= − 1
2π3
∫ ∞
0
dq0 nb(q0)
∫ 2µ
q0
dq q2
ImΠ
(2)
L
q2 − q20
≃ g
2
effµ
2T 2
48π2
(77)
where
ImΠ
(2)
L ≃ −
g2effqq0
8π
, q ≫ q0, (78)
and again ImΠ
(2)
L → 0 for q → q0.
The HDL part of the gluon self-energy, explicitly given by
ΠHDLT (q0, q) = m
2
D
q20
2q2
(
1 +
q20 − q2
2qq0
log
q0 − q
q0 + q
)
, (79)
ΠHDLL (q0, q) = m
2
D
q2 − q20
q2
(
1 +
q0
2q
log
q0 − q
q0 + q
)
, (80)
with mD = geffµ/π is the leading-order contribution at small q0, q ≪ T provided T ≪ µ. In order
to retain all contributions that are nonanalytic in T at T = 0, the HDL self-energies need to be
kept unexpanded in
1
Ng
[
PHDL − PHDL
∣∣∣
T=0
]
= − 1
2π3
∫ ∞
0
dq0 nb(q0)
∫ 2µ
0
dq q2
[
2 Im ln
(
q2 − q20 +ΠHDLT
)
+ Im ln
(
q2 − q20 +ΠHDLL
q2 − q20
)]
(81)
where we have dropped contributions from region III as being suppressed by explicit powers of geff .
Individually, the transverse and the longitudinal contributions depend logarithmically on the
upper integration boundary, because
Im ln
(
q2 − q20 +ΠHDLT
)→ −g2effµ2
4π
q0
q3
(82)
Im ln
(
q2 − q20 +ΠHDLL
q2 − q20
)
→ +g
2
effµ
2
2π
q0
q3
(83)
at large q. However, the combined expression (81) is saturated by soft momenta q ≪ µ, and the
upper integration limit 2µ can be sent to infinity. This just amounts to dropping terms that are
suppressed by explicit powers of geff .
The only other contribution that needs to be taken into account is Pnon−nb , which as discussed
in Sect. IVC can be treated perturbatively to the order under consideration. Put together, the
final result for ∆P = P − P 0 is
1
Ng
[
∆P −∆P
∣∣∣
T=0
]
= −g
2
effµ
2T 2
48π2
− 1
2π3
∫ ∞
0
dq0 nb(q0)
∫ ∞
0
dq q2
[
2 Im ln
(
q2 − q20 +ΠHDLT
q2 − q20
)
+Im ln
(
q2 − q20 +ΠHDLL
q2 − q20
)]
+O(g4µ2T 2), (84)
where we have subtracted the ideal-gas pressure of the gluons by including a free propagator in
the argument of the first logarithm.
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As indicated, this expression provides the leading terms in the temperature dependent part
of the pressure and therefore the leading terms in entropy and specific heat. For T ≪ geffµ the
contribution to the pressure (as opposed to entropy and specific heat) is subleading compared
to the three-loop result for the zero-temperature pressure obtained by Freedman and McLerran
[37], Baluni [38], and Vuorinen [32]. However, when T >∼ geffµ, its magnitude is comparable to
g4effµ
4 ln(c/g), the highest known term in the perturbative result of the T = 0 pressure, and thus
provides an extension of the result of Refs. [32, 37, 38] to non-zero temperatures in the domain
T ≪ µ.
B. HDL quasiparticle pole contribution
In region I, i.e. 0 ≤ q ≤ q0, the HDL propagator has single poles for q0 ≥ ωp = mD/
√
3 at real
q0 = ωT,L(q), which allows us to carry out the q0 integration, yielding
1
Ng
[
P I,HDL − P I,HDL
∣∣∣
T=0
]
= − T
2π2
∫ ∞
0
dq q2
[
2 ln
(
1− e−ωT (q)/T
)
+ ln
(
1− e−ωL(q)/T
1− e−q/T
)]
. (85)
At small temperatures T ≪ ωp, the contribution from transverse polarizations is suppressed by
a factor e−ωp/T and thus does not show up at any finite order of a low-temperature expansion in
terms of powers and logarithms of T . Using that for small q ≪ ωp the dispersion law of transverse
gluons is given by [34]
ωT (q) = ωp
(
1 +
3q2
5ω2p
−O(q4/ω4p)
)
(86)
one can calculate the leading term as
1
Ng
[
P I,HDLT − P I,HDLT
∣∣∣
T=0
]
≃ 5
12
√
5ω3pT
5
3π3
e−ωp/T , T ≪ ωp . (87)
As discussed already in Sect. IVB, the low-temperature contribution of the longitudinal gluons
involves a contribution ∝ T 3 as well as exponentially suppressed terms. Using that
ωL(q) = ωp
(
1 +
3q2
10ω2p
−O(q4/ω4p)
)
(88)
one can show that
1
Ng
[
P I,HDLL − P I,HDLL
∣∣∣
T=0
]
≃ −π
2
90
T 4 +
5
6
√
5ω3pT
5
6π3
e−ωp/T , T ≪ ωp . (89)
At temperatures ωp ≪ T ≪ µ the dispersion relation of the longitudinal gluons approaches
the light-cone exponentially, which gives an equally exponentially vanishing contribution to the
pressure. The transverse gluons, on the other hand, tend to the mass hyperboloid ωT (q) →√
q2 +m2∞ with m
2
∞ = m
2
D/2, yielding
1
Ng
[
P I,HDL − P I,HDL
∣∣∣
T=0
]
≃ 2
(
π2
90
T 4 − m
2
∞
24
T 2
)
=
π2T 4
45
− g
2
effµ
2T 2
24π2
, ωp ≪ T ≪ µ. (90)
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C. HDL cut contribution
For q > q0, the HDL self-energies have an imaginary part ∝ m2D = g2effµ2/π2 which corresponds
to collisionless Landau damping of hard fermions. At low q0 ∼ T ≪ geffµ, this provides the
dynamical screening of quasistatic magnetic fields which is responsible for the anomalous terms in
the low-temperature expansion of the specific heat, Eq. (54).
At higher temperatures ωp ≪ T ≪ µ, it is instead electric Debye screening which gives the
dominant contribution from soft momentum scales
1
Ng
[
PHDL − PHDL
∣∣∣
T=0
]
≃ 2
(
π2
90
T 4 − m
2
∞
24
T 2
)
+
m3DT
12π
=
π2T 4
45
− g
2
effµ
2T 2
24π2
+
g3effµ
3T
12π4
, ωp ≪ T ≪ µ. (91)
(At still higher temperatures T >∼ µ, one eventually has to replace the value of the HDL Debye
mass by the hard-thermal-loop result [28]).
The appearance of a contribution ∝ m3D is traditionally referred to as plasmon effect. Our full
HDL-resummed result (84) gives a unified description of this longitudinal plasmon effect with the
anomalous (non-Fermi-liquid) contributions from transverse quasistatic fields which are only weakly
screened, and interpolates between these two different effects. As the temperature is lowered, the
longitudinal plasmon term m3DT which is linear in T gradually disappears and gets replaced by a
quadratic term ∝ m2DT 2 ln(mD/µ), cf. Eq. (65). This then combines with the leading anomalous
term ∝ m2DT 2 ln(T 1/3m2/3D /µ) from the transverse sector, cf. Eq. (59) where mD enters through
dynamical screening, and whose logarithmic dependence on the hard scale µ cancels that of the
longitudinal sector.
VI. NUMERICAL RESULTS
A. Full HDL result versus low-temperature expansion
We shall now turn to a numerical evaluation of entropy and specific heat following from the HDL-
resummed pressure (84). The corresponding expression for the entropy density is given explicitly
by
1
Ng
(S − S0) = −g
2
effµ
2T
24π2
− 1
2π3
∫ ∞
0
dq0
∂nb(q0)
∂T
∫ ∞
0
dq q2
[
2 Im ln
(
q2 − q20 +ΠHDLT
q2 − q20
)
+Im ln
(
q2 − q20 +ΠHDLL
q2 − q20
)]
+O(g4effµ
2T ), (92)
where S0 is the ideal-gas entropy density. Eq. (92) represents the leading interaction term at weak
coupling for all T ≪ µ. It is essentially given by one universal function of the dimensionless variable
T/(geffµ), which we define through
8π2
Ng(geffµ)2T
(S − S0) =: S
(
T
geffµ
)
+O(g2eff), (93)
and which we have normalized such that the ordinary perturbative two-loop result [35] for the
low-temperature entropy corresponds to S = −1.
In Fig. 2 we display the individual contributions to S as provided by transverse and longitudinal
quasiparticle poles (region I), and the Landau damping cut (region II). As one can see, the latter is
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FIG. 2: The function S(T/(geffµ)) which determines the leading-order interaction contribution to the low-
temperature entropy. The normalization is such that S = −1 corresponds to the result of ordinary perturba-
tion theory. The dash-dotted line shows the contribution from region II, comprising HDL Landau damping
and hard contributions; the two dashed lines give the transverse (T) and longitudinal (L) quasiparticle pole
contributions of region I.
responsible for the anomalous behavior of an interaction contribution which is positive for T/(gµ) ≤
0.0404 . . . and is well reproduced by the low-temperature series involving logarithms and fractional
powers of T/(geffµ). The quasiparticle contributions, on the other hand, behave as T
3 at small
temperatures, but cannot be further expanded about T = 0 due to terms involving e−ωp/T .
We have in fact been able to perform the required numerical integrations with sufficient accuracy
to explicitly check all the coefficients of the low-temperature expansion calculated in Sect. IV (and
further ones up to order T 5 lnT [36]).
In Fig. 3 we compare the first few orders of the low-temperature series with the full HDL result.
The low-temperature result up to and including the T 3 lnT contribution to the entropy is a good
approximation for T/(geffµ) <∼ 0.04 where the anomalous contributions dominate; for larger T the
non-expandable e−ωp/T terms in the quasiparticle pole contributions become important numerically.
B. Comparison with nonperturbative large-Nf results
When applying our results to QED as well as QCD, the range of T/µ where one finds an excess
of entropy and specific heat over the ideal-gas result will be the larger the higher the coupling is.
However, we then have to expect more important perturbative corrections which are suppressed
parametrically by further powers of g2. In order to assess their importance, we compare with the
special but exactly solvable case of infinite flavor number. This is done in Fig. 4 for the three
values geff(µ¯MS = 2µ) = 1, 2, 3 where the heavy dots give the nonperturbative large-Nf result of
Ref. [16] and the full line represents the full HDL result (solid line, denoted by HDL+ to remind
of the inclusion of hard, perturbative terms). Also given is the low-temperature series up to and
including the T 3 lnT contributions.
While this certainly does not allow one to predict the reliability of our HDL result for real,
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FIG. 4: Complete entropy density in the large-Nf limit for the three values geff(µ¯MS = 2µ) = 1, 2, 3 (heavy
dots), compared with the full HDL result (solid line) and the low-temperature series up to and including
the T 3 lnT contributions.
finite-Nf QCD, it should give an idea of the errors to expect at least. Interestingly enough, in
large-Nf QCD the higher-order corrections seem to increase somewhat the range in T/µ where
there is an excess of the entropy over its ideal-gas value.
By the same token, in Fig. 5 we display the renormalization scale dependence of the HDL result
by varying the renormalization point by a factor of 2 around a central value of µ¯MS = 2µ.
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FIG. 6: The HDL-resummed result for the specific heat Cv, normalized to the ideal-gas value for geff = 2 and
3 corresponding to αs ≈ 0.32 and 0.72 in two-flavor QCD, and geff ≈ 0.303 for QED. The results labelled
“strict” does not include anomalous contributions in the second term of Eq. (72) where the would be of
higher order in geff , whereas “th.dyn.cons.” refers to a less systematic but thermodynamically consistent
evaluation. The deviation of the QED result from the ideal-gas value is enlarged by a factor of 20 to make
it more visible.
C. Specific heat
In Fig. 6, we finally evaluate our result for the low-temperature specific heat at constant baryon
density, Cv. As can be seen from Eq. (72), this is a nonlinear functional of the thermodynamic
potential. However, for µ ≪ T and to leading order in geff the anomalous contributions provided
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by Eq. (84) enter only through the logarithmic derivative of the entropy, and the nonlinear terms
in Eq. (72) need only include the ideal-gas result. This defines the results in Fig. 6 labelled as
“strict”.
In order to have again an estimate of the uncertainties of undetermined higher-order contribu-
tions, we also computed Cv in a thermodynamically consistent manner directly from the pressure,
given by Eq. (84) plus the perturbative zero-temperature result to order g2eff . This has the slight
deficiency of including higher-order terms in the second term of Eq. (72) beyond the accuracy of
the first one. The “thermodynamically consistent” result is displayed in Fig. 6 by dashed lines,
and one can see that there is not much difference in the region where Cv/C0v is larger than one,
The results are given for three different couplings. The lines marked “QED” correspond to
geff = 0.303 or αQED ≈ 1/137, and the results for geff = 2, 3 correspond to αs ≈ 0.32, 0.72 in
two-flavor QCD. (Recall that g2eff ≡ g2Nf/2.) While in QED the effect is tiny (the deviations from
the ideal-gas value have been enlarged by a factor of 20 in Fig. 6 to make them more visible),
in QCD we find that there is an interesting range of T/µ where there is a significant excess of
the specific heat over its ideal-gas value. whereas ordinary perturbation theory [35] would have
resulted in a low-temperature limit of Cv/C0v = 1− 2αs/π.
According to Ref. [12], the critical temperature for the color superconducting phase transition
may be anywhere between 6 and 60 MeV, so with e.g. a quark chemical potential of µ = 500 MeV
the range T/µ ≥ 0.012 in Fig. 6 might correspond to normal quark matter.
Thus, while the effect remains small in QED, it seems conceivable that the anomalous terms in
the specific heat play a noticeable role in the thermodynamics of proto-neutron stars, in particular
its cooling behavior in its earliest stages before entering color superconductivity [39, 40, 41].
If color superconductivity leaves some quark matter components unpaired, the larger values of
Cv/C0v at smaller T/µ may also be relevant for neutron stars with a quark matter core.
VII. SUMMARY
For temperatures much smaller than the chemical potential of quarks (or electrons in the case
of QED) we have computed the leading contribution to the interaction part of entropy and specific
heat. For temperatures smaller than the Debye mass ∝ geffµ, the anomalous (non-Fermi-liquid)
contributions become dominant. As we have discussed at length, this effect can be viewed either as
a consequence of a logarithmic singularity of the fermion self-energy at the Fermi surface caused by
long-range quasi-static magnetic interactions, or more directly as a contribution of the (imaginary
part of the) transverse gauge boson propagator to the thermodynamic potential when the hard
fermion degrees of freedom are integrated out first.
This latter approach proved to be advantageous for a systematic calculation beyond the well-
known leading-log approximation. We have obtained a hard-dense-loop resummed expression which
continuously interpolates between the more familiar plasmon effect ∝ g3 coming from longitudi-
nal Debye screened gauge bosons and the non-Fermi-liquid effects coming from only dynamically
screened magnetic interactions. At temperatures much smaller than the Debye mass, we have ob-
tained a low-temperature expansion starting with the well-known anomalous T lnT behaviour and
involving also fractional powers of T in subleading terms. The complete HDL-resummed result also
contains contributions which do not show up at any finite order of the low-temperature expansion,
being exponentially suppressed by factors of e−ωp/T at small T , but which become numerically
important for intermediate temperatures.
Finally we have presented a numerical evaluation of our HDL-resummed result together with
its low-temperature expansion, and we have compared with the exactly solvable large-Nf limit of
QCD and QED. This comparison seems to indicate that our leading-order-in-g result, which is
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equally applicable to finite-Nf QCD, is quite stable in the range of temperature where there is
an excess of entropy and specific heat over their respective ideal-gas values. In QCD, where the
coupling as well as the number of gauge bosons is much larger than in QED, the deviation from
naive perturbation theory is appreciable for T/µ <∼ 0.05 and thus should be taken into account e.g.
in studies of thermodynamic properties of quark matter in (proto-)neutron stars.
Acknowledgments
We gratefully acknowledge extensive discussions with Jean-Paul Blaizot and Urko Reinosa, and
a correspondence with Thomas Scha¨fer. This work has been supported by the Austrian Science
Foundation FWF, project no. 16387-N08 and the Austrian-French exchange program Amade´e of
the O¨AD, project no. 16/2003.
APPENDIX A: CALCULATION OF c˜
From the terms which are explicitly shown in Eq. (58) we find the following contribution to the
coefficient of b12 in the pressure,
c˜
(1)
T =
1
810π2
[
− 36π2 +
(π2 − 8)
(
248− 96γE − 9π2 + 48 ln(4π) + 8640ζ
′(4)
π4
)]
. (A1)
However, some of the terms in the integrand of Eq. (58) that are formally of higher order than b12
contribute also at the order of b12, because the x-integration would be infrared divergent, were it
not for the cutoff xmin ∝ b6.
Since xmin depends on geff only through b, and since we can drop terms in the integrand of
Eq. (58) involving geff explicitly, it is sufficient to take the HDL self energy in the following. Then
the gluon self energy can be written as
ΠT ≃ ΠHDLT
(
q0
q
)
= g2effµ
2HT
(
b2y
x1/3
)
, (A2)
with some function HT . In the following we may neglect the explicit q
2 and q20 in Eq. (53), because
these two terms do not become singular for small x.3 After expansion of the integrand with respect
to b we then obtain integrals of the type
b6
∫
xmin
dx
(
b2y
x1/3
)n
∼ b
12y3
n− 3 . (A3)
Now we see clearly that from arbitrary powers of b in the integrand we get contributions to the order
b12 in PT . The case n = 3 corresponds to the term of order b
12 ln b, which we have evaluated already
in Sect. IVA. For n > 3 we can concentrate on the IR region and send to upper integration limit
in Eq. (A3) to infinity. (The cases n < 3 have been evaluated explicitly in Eq. (A1).) Furthermore
we see from Eq. (A3) that from the y integration we always get a factor∫ ∞
0
dy y3
ey − 1 =
π4
15
. (A4)
3 However, q2 and q20 would have to be taken into account when summing up the IR contributions to the coefficient
of T 6, since for this coefficient also less IR singular terms are important [36].
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The complete coefficient can thus be written as
c˜T = c˜
(1)
T −
π4
15
1
12π4b6
∫ ∞
4pib6
dx
∞∑
n=8
bn
n!
([
∂n
∂bn
arctan
(
ImΠHDLT
ReΠHDLT
)] ∣∣∣∣
b=0,y=1
)
. (A5)
This expression is in fact independent of b (see Eq. (A3)). Therefore we may simply set b = 1.
Summing up the (Taylor) series, we find after the substitution x = 4πz3
c˜T = c˜
(1)
T −
π
15
∫ ∞
1
dz
(
128 + 3π4z3 − 8π2(2 + 3z2)
6π3z
+z2 arctan
[
π(1− z2)
2z + (z2 − 1) ln
(
z+1
z−1
)]
)
. (A6)
From this expression we see that the complete HDL self energy is required for this coefficient (and
not only the expansion for small q0, which is sufficient for the fractional powers and the logarith-
mic terms). The remaining integral over the parameter z can probably not be done analytically.
Numerically one readily finds
c˜T = −0.00178674305 . . . (A7)
The constant c˜IIL in Eq. (65) can be determined by summing up IR enhanced contributions in a
completely analogous manner. The result is
c˜IIL =
1
8640
(
3π4 − 2π2(12− π2)(−17 + 6γE − 6 ln(π)− 540ζ
′(4)
π4
)
− π
30
∫ ∞
1
dz
(
π(π2 + 12(−1 − z2 + z3))
24z
+z2 arctan
[
− 2z
π
+
1
π
ln
(
z + 1
z − 1
)])
≃ 0.11902569216 . . . (A8)
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